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Abstract 

The theory of gravitation in the spacetime with Finsler structure is constructed. It 
is shown that the theory keeps general covariance. Such theory reduces to Einstein's 
general relativity when the Finsler structure is Riemannian. Therefore, this covariant 
theory of gravitation is an elegant realization of Einstein's thoughts on gravitation in 
the spacetime with Finsler structure. 
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1 Introduction 



In Newtonian mechanics, the spacetime is treated as a three-dimensional EucHdean 
space and an independent one-dimensional time. To solve the contradiction between 
the Newtonian spacetime and the Maxwell's electromagnetic theory, Einstein proposed 
the Minkowskian spacetime in his special relativity. Furthermore, Einstein introduced 
four-dimensional Riemannian spacetime in his gravitational field theory. After that, 
large amount of astronomical observations have shown that our spacetime is curved. 
Hence, the history of physics demonstrates that the geometry of our spacetime should 
be decided by the astronomical observations and the physical experiments. 

At present our fundamental field theories are invariant under time reversal. But 
our everyday feelings tell us that there do exist a time arrow by which our world, 
our life and everything are controlled. So the direction of time should play a role in 
our theory on spacetime structure. The recent difficulties encountered in solving dark 
energy problems also hint that the geometry of our spacetime may be not Riemannian 
but its generalized case Finsler geometry. 

In this paper, we try to construct a covariant field theory of gravitation in the 
spacetime with the Finsler structure. We hope that this theory will provide a new 
powerful platform for solving the problems appeared in modern cosmology. 

The paper is organized as follows: The Finsler structure in four-dimensional space- 
time is introduced, and by which the fundamental tensor and the Cartan tensor are 
induced in Section 2. In Section 3 we introduce the Chern connection, which is the 
elegant mathematical tools in Finsler geometry. The curvatures of Chern connection 
are discussed, and several kinds of Bianchi identities are given in Section 4. We intro- 
duce a new tensor Zijk{x,y) in Section 5, by which a curvature-like tensor Hijki{x,y) 
is introduced. The covariant field equations of gravitation arc acquired in this section 
also. In the last section, we discuss the strong constraint given by the conservation of 
the energy-momentum tensor. The vertical covariant derivative of the tensor Zijk{x, y) 
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is discussed also. 



2 Finsler Structure in four-dimensional Spacetime 

For the spacetime of physics we need four coordinates, the time t and three physical 
space coordinates ^. We put i = so that the four coordinates may be written 

X*, where the indice i takes on the four values 0, 1, 2, 3. Mathematically suppose that 
four-dimensional spacetime can be treated as a C°° manifold, denoted by M. Denote 
by T^M the tangent space at x G M, and by TM := U^eM T^M the tangent bundle 
of M. Each element of TM has the form {x,y), where x E M and y e T^M. The 
natural projection tt : TM — > M is given by 7r(x, y) :— x. The dual space of T^M is 
r*M, called the cotangent space at x. The union T*M := VJ^eM T*M is the cotangent 
bundle. Therefore, {^} and {dx^} are, respectively, the induced coordinate bases for 
T^M and T*M. The said x* give rise to local coordinates {x\y^) on TM through the 
mechanism-l- 

y = y'i^- (1) 

The are fiberwise global. So functions F{x^ y) that are defined on TM can be locally 
expressed as F(x°, x^, x^, x^; y^, y^, y"^, y^). 

In Ref.[l] a Finsler structure of an n-dimensional C°° manifold is given from the 
mathematical point of view. Similarly a Finsler Structure function of the four-dimensional 
spacetime can be defined globally 

F : TM ^ (-oo,+oo) (2) 

with the following properties: 



■tin this paper, the rules that govern our index gymnastics are as follows: 

1. Vector indices are up, and covector indices are down. 

2. Any repeated pair of indices - provided that one is up and the other is down - is automatically 
summed. 

3. The raising and lowering of indices are carried out by the matrix gij defined by equation (3), 
and its matrix inverse g''-' . 
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1. Regularity: F{x,y) is C°° on the entire slit tangent bundle TMo := rM\{0}. 

2. Positive homogeneity: F{x, \y) — \F{x,y) for all A > 0. 



3. The components of fundamental tensor: 

1 



where 



2 F'{x,y) 



(3) 



1 d'F\x,y) 



In Finsler geometry, the (or x') appear in downstairs indices usually denote 
the partial derivatives with respect to the y^ (or x'). In the spacetime with 
Finsler structure, the components of fundamental tensor can be decomposed by 
introducing the tetrad matrix e^"'{x,y) in local coordinates 

9ij{x, y) = ei'^ix, y)e/{x, y)r]ab ■ (5) 

we adopt the same sign conventions as that used by Misner-Thorne- Wheeler's 
book[2]. The metric tensor of local Minkowskian spacetime rjab is written as 
follows 

Voo = -1 , Vn = V22 = V33 = +1 , Vab^O for a 7^ 6 , (6) 

which is not positive-definite. 

Given a Finsler structure F{x,y) on the tangent bundle of four-dimensional spacetime 
M, the pair (M, F) can be called a Finsler spacetime. 

In mathematical books on Finsler geometry, the Finsler structure function F sat- 
isfies F > and the fundamental matrix gij[x,y) be positive-definite at every point of 
TMg. But in the case of four-dimensional spacetime, the tangent space is a Minkowskian 
spacetime, therefore F{x,y) may not satisfy F{x,y) > and gij{x,y) is not positive- 
definite either. 
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Now we need the mathematical content of the pulled-back bundle 7r*TM or its 
dual 7r*r*M, Here we don't explain how to construct this bundle, for more detailed 
discussions on the pulled-back bundle 7r*TM or its dual n*T*M, please read Chapter 
2 in Ref.[l]. For ease of local computations, it is to our advantage to work on an affine 
parameter space, where spacetime coordinates arc readily available. In this case, the 
preferred base manifold is the slit tangent bundle TMg. A good number of geometrical 
objects are sections of the pulled-back bundle n*TM or its dual 7r*r*M, or their tensor 
products. These sit over TM^ and not M. Local coordinates {x*} on M produce the 
basis sections {^} and {dx*}, respectively, for T^M and T*M. Now, over each point 
(a;, y) on the manifold TMo, the fiber of 7r*TM is the vector space T-^M while that of 
7r*T*M is the covector space T*M. Thus, the ^ and dx'^ give rise to sections of the 
pulled-back bundles, in a rather simple-minded way. In the pulled-back bundles these 
sections are defined locally in x and globally in y. This global nature in y is automatic 
because once x is fixed, these sections do not change as we vary y. 

Hence a distinguished section i of n*TM can be defined by 

H-^y)- F F{x,y)dx' dx'' 
Its natural dual is the Hilbert form uj, which is a section of tx*T*M. We have 

ui = tO{x,y) '■= Fyi{x,y)dx^ = Fyidx^ . (8) 

The definition (7) indicates that the components t of the distinguished section i satisfy 
t — ^. According to Euler's theorem in Ref.[l], it is obvious that 

■= 9ij{x, y)& = Fy^{x, y) . (9) 

Thus the Hilbert form uj is expressible as a; = lidx^. Both I and uj are globally defined 
on the manifold TM^. The asserted duality means that 

a;(£) = = 1 , (10) 

which is a consequence of Euler's theorem too. 



The pulled-back vector bundle 7r*TM admits a natural Riemannian metric 

g — Qijdx^ (8) dx-' , (11) 

where the components of g is defined by equation (3), obviously gij — FFyiyj + FyiFyj 
and gij — gji. This is the fundamental tensor, which determines the basic properties of 
the Finsler spacetime. It is a symmetric section of 7r*T*M®7r*T*M. Likewise, another 
important tensor in the Finsler spacetime is the Cartan tensor 

A = Aijkdx' (g) dx^ (g) dx'' , (12) 

where the components is given by 



4 ._ F F 



F' 



. . . . ' (13) 



which is a totally symmetric section of 7r*T*M (g) 'k*T*M ® 7t*T*M. Mathematically 



the object 

Q,, := ^ = (14) 
is called the Cartan tensor in the geometric hterature at large. 



3 Chern Connection and Covariant Derivatives 

The components gij of the fundamental tensor defined in equation (3) are functions on 
TMo, and arc invariant under the positive rescaling in y. We use them to define the 
formal Christoffel symbols of the second kind 

i ^ g"" ( dgmk dgjm %fc\ 
^ ' 2 1, dx^ dx^ dx^j ' ^ ' 

where g'^^ is the matrix inverse of gij, and also the quantities 

N', ■■= - C'julKsV'y' . (16) 

The above quantities N'^j can be reexpressed as follows 



which is invariant under the positive rescahng y ^ Xy. 

Let \ i = 0, 1, 2, 3 ] be a change of coordinates on spacetime. 

Correspondingly, the chain rule gives 

V' = %f- (18) 

The tangent bundle of the manifold TM has a local coordinate basis that consists of the 
and the However, under the transformation on TM induced by a coordinate 
change x — > x, the vector transforms in a complicated manner as follows: 

dx^ dx^ dx^ dxWx^ ^ dy^ 
On the other hand, the vector ^ transforms simply 

d dx'' d 



(20) 



dy^ dx^ dy 

The cotangent bundle of the manifold T*M has a local coordinate basis {dx^^dy^}. 
Here, under the said coordinate change, the dx^ behave simply 

dx' = —dx) (211 
dx^ ^ ' 

while the dy"^ transform complicatedly 



To avoid the complexity in the transformation equations (19) and (22), furthermore, to 

obtain the coordinate bases that transform as tensor under the said coordinate change, 
Ref . [1] introduces two new symbols ^ and ^ to replace ^ and dy^ respectively. The 
^ are defined by 

S d j d , . 



and the ^ are given by 

:= ^ {dy^ + N^^dx^) , (24) 



5f 
F 



which is invariant under positive rescahng in y. Note that 

8 natural dual 

d natural dual dy^ 

dy' ' 'Y ' 

Therefore, we just introduce two new natural bases that are dual to each other: 1, 
the bases for the tangent bundle of TMo] 2, the bases {dx\ ^} for the 

cotangent bundle of TMo. The Ref.[l] indicates that the horizontal subspace spanned 
by the ^ is orthogonal to the vertical subspace spanned by the F-^ . 

The Chern connection is a linear connection that acts on the pulled-back vector 
bundle 7r*TM, sitting over the manifold TMo- It is not a connection on the bundle 
TM over M. Nevertheless, it serves Finsler geometry in a manner that parallels what 
the Levi-Civita connection (Christoffel symbol) does for Riemannian geometry. Here 
we cite Chern theorem on Chern connection in Ref.[l] in the following. 

Chern Theorem: Let (M,F) be a Finsler manifold. The pulled-back bundle 7r*TM 
admits a unique linear connection, called the Chern connection. Its connection forms 
are characterized by the structural equations: 

1. Torsion freeness: 

d{dx') - dx^ A u/ = - dx^ A u/ = . (25) 

2. Almost ^'-compatibility: 

dgij - Qkj '^i^ - 9ik '^J' = 2 Aim -TT ■ (26) 



In fact. The torsion freeness is equivalent to the absence of dy'' terms in u;j\ that is to 
say 

= P,, dx' , (27) 



together with the symmetry 



r\-, = r\. . (28) 



Furthermore, almost metric-compatibility implies that 



m ' 



Aijm + A,im -f - - A,^^ -^J . (29) 
Equivalently, 

^ ' 2 [6xJ + 5x^ Sx^ J ' ^'^^^ 
where the operators ^ have been defined by equation (23). 

Using the Chern connection, the covariant derivatives of the tensors that are the 

sections of the pulled-back bundle tt*TM or its dual 7r*T*M, or their tensor product 

can be calculated. For instance, let T := T^j^®dx^ be an arbitrary smooth (1, l)-type 

tensor, which sits on the manifold TMg. Its covariant differential is 

VT iyn^ A ^ dx= , (31) 



(VT)^, dT, - T\ a;/ + T) uj^ . (32) 



where (VT)*^- is 

(VT) J . —J - K ~j ' ^ ] 
The components (VT)* are 1-forms on TMg. They are therefore be expanded in terms 
of the natural basis {dx^} and {^}, set 

(VT)^. = dx'^ + , ^ , (33) 

where T'^j\k is the horizontal covariant derivative of (VTYj and T^.^, is the vertical co- 
variant derivative of ( VT)*^ respectively. In order to obtain formulas for the coefficients, 
we evaluate equation (33) on each individual member of the dual basis F-^}. 
We also use the fact that the Chern connection forms for the natural basis have no ^ 
terms, and are given by equation (27). Therefore the results are 

/ \ * 5T* • 

= (VJ, t] ^ = # + ^l^-" - ^''^ i" • (34) 

= {^^^ = ■ (3^) 

The treatment for tensor fields of higher or lower rank is similar. Here we list the 
covariant derivatives of several important tensors. First Chern theorem says that the 
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Chern connection is almost ^'-compatible, namely 

i^gh = dgij - gkjUJ^^ - QikUJj^ = 2 — . (36) 

This shows that the covariant derivatives of fundamental tensor are 

9 m = , (37) 
g = 2 Aiji . (38) 

The obvious equations (g'*-'5'jfc)|; = Q ajad {g^^ gjk).i — yield 

9'\i = , g'r, = - 2A'^, . (39) 

Secondly, the covariant derivatives of the distinguished £ are 

f I,. = , (40) 

e., = 5', - i% . (41) 

These, together with (37) and (38), can then be used to deduce that 

kj = ' (42) 

9ij ^i^j ■ (^3) 

Those covariant derivatives will be used in the process of constructing the field equa- 
tions of gravitation. 

4 Curvature and Bianchi Identities 

The curvature 2-forms of the Chern connection are 

Q/ := duj; -uj^^ Nuj^ . (44) 

Since the Q^* are 2-forms on the manifold TMg, Chern proved that they can be ex- 
panded as 

n; = 1 R;,i dx'^ A dx' + PA, dx'A^-^. (45) 
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The objects R, P are respectively the hh—, /if —curvature tensors of the Chern con- 
nection. The wedge product dx'' A dx'' in above equation demonstrates that 

R/ki = - R/ik ■ (46) 

The first Bianchi identities deduced from the torsion freeness of the Chern connection 
uncovers a symmetry on Pj \i 

P/ki = Pkji (47) 
and the first Bianchi identity for R/^i 

R/ki + Rk\, +Ruk - 0. (48) 

In natural coordinates, formulas for Rj\i and Pj^}^i are expressed in terms of the 
Chern connection F*^-^ as follows 

^3 kl - ^^k ^ ^ hk^ jl ^ hl^ jk > l^tyj 



and 

Pi. = - F- 

dy 



= - ■ (50) 



Note that equations (28) and (50) imply (47). 

The Chern connection is almost metric-compatible. Using this property, some 
Bianchi identities are found. After exterior differentiation on equation (26) and some 
manipulations, we get 

1 Sy'' 
= - {Rijki + Rjiki) dx'' A dx'- + {Pijki + Pjiki) dx'' A — 

= - {Aj^R\i) dx'Adx' - 2{A,,uP\i + A,7|fc) dx'A^ (51) 

Here, we have introduced the abbreviations 

R\i := f R/,^ . (52) 
P\i := F P/,, . (53) 
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There are three identities that one can obtain from above equation (51). We carry 
them out systematically. The coefficients of the dx^ A dx'' terms in (51) tell us that 

Rijki + Rjiki = — 2 AijuR\i . (54) 
The coefficients of the dx^ A ^ terms in (51) tell us that 

Pijkl + Pjikl = — 2 AijuP 1^1 — 2 Aijii^i^ . (55) 

Apply (55) three times to the combination 

{Pijkl + Pjikl) — {Pjkil + Pkjil) + {Pkijl + Pikjl) ■ (56) 

Through some operation, the result takes the form 

Pjikl — ~ {■^ijl\k ~ '^jkl\i + -^ki^j) ~ {^ijuP\l ~ ^jkuP"il + -^kiuP^jl) ■ (57) 

Contract this equation with respectively, adopt (40) and the facts P'^jf.i'' — 0, 
tAijk = 0, we then reduces the contraction to the important statement 

Piki Pjikl = - Aki . (58) 

Here, 

Aki := Afe^lm i"" ■ (59) 
Then (57) and (58) together lead to the constitutive relation for Pji^i 

Pjikl — — i-^ijiik — -Ajki\i + Akii\j) + {A^j'^Auki — Aj^Auii + Af^^^Auji) . (60) 
Formula (58) can be used to reexpress equation (55) as 

-^ijl\k — -^ij^^ukl — 2 i^ijkl + Pjikl) ■ (61) 

Finally, the coefficients of the ^ A ^ terms in (51) gives 

-^ijk;l ~ -^ijljk — -^ijk^l ~ -^ijl^k ■ (^2) 
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So we have discussed all formulas taken from (51). 

Exterior differentiation of (44) gives the second Bianchi identity 

dn/ - A + A fi/ = . (63) 

With (27) and (45), one can expand the above equation as follows 

+ {P,\i;t - Pj\A) dx'A^-^A^-f. 
The above equation is equivalent to the following three identities: 

P/kl\t + P-fltlk + P-/tk\l — P/kuP\ + Pj^lu^\k + P/tu^-^l 5 (^4) 

P-Zkm — Pj\t\l ~ Pj\t\k ~ {Pj\u^\ ~ Pj\u^\t) 1 (65) 
- Pj'kt;l = Pj\A - P,\A . (66) 

Making use of (40), Contracting (64) with & , one can obtain 

P-^kl\t + P-^lt\k + P^tk\l — ~ ^^kuP\ ~ ^^luP\k ~ tuP\l ■ (67) 

In general relativity, Einstein used the second Bianchi identity in Riemannian ge- 
ometry to deduce the important Einstein tensor, the contraction of whose covariant 
derivative is vanished. As we will show, the second Bianchi identity in Finsler geometry 
also plays an important role in building the elegant field equations of gravitation. 

5 The Field Equations of Gravitation in Finsler 
Spacetime 

We find that a tensor Zijk{x, y)dx^(S>dx^ <S>dx'' is necessary in constructing the covariant 
field equations of gravitation. The tensor Zijk{x, y)dx^ ® dx^ ® dx^ is described by 

^ijl\k — ^iju-^kl ~ Pijkl ■ (68) 
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By comparing (61) with (68), we obtain a simple relationship 

■^ijk — 2 i^ijk + 2^jik) ■ (69) 

Above equation shows that Zijk{x, y)dx^ ® dx^ ® dx^ is closely related with the Cartan 

tensor Aijk{x^y)dx'^ ® dx^ ® dx^. From the definition of Chern connection (29), one 
easily obtains 

^ijk + ^jik = - "^Aijl -y- . (70) 

Combining (68), (69) and (70), we conclude that 



^3k ^ ju p 2 \dx^ dxi dx' J ^ ' 

Namely 

r^-. + ^ = Y,, . (72) 

The formula (72) demonstrates that the tensor Zj^i(x,y) vanishes when the Finsler 
structure is Riemannian. 

We introduce a curvature-like tensor Tlijki as follows 

'Hijkl '■— Rijkl + ^ijuR^kl ) C^^) 

which is a combination of /i/i-curvature tensor Rijki and an additional revised-curvature 
tensor ZijuR^^. The definition (73) and formula (54) tell us that 

'^ijkl — — Ti-jikl ■ (74) 
The definition (73) and formula (46) tell us that 

Ti-iiki — — Ti-ijik ■ (75) 

In the curvature- like tensor Hijki, the second Bianchi identity on Rijki has been 
given, namely equation (64). Now we try to find a similar identity on Zj\R\i. First 
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Apply (76) three times to the following combination 

With the help of (67), (68) and (76), we can get the result of expression (77) as follows 

pi T3U pi T3U pi T3U 

— ku^ It lu^ tk tu^ kl ■ \'°) 

Therefore, combining (64) with (78), we have an important identity 

We shall be particularly concerned with the contracted form of (79). RecaUing that 
the horizontal covariant derivatives of g^^ vanish, we find on contraction of j with / 
that 

'^\\t - '^\\k + '^^\k\j = ' (80) 
where we have adopted the definition^ 

Tikj ■= g'^Hikji = T-C\ji . (82) 

Contracting equation (80) again gives 

'^\t - - H\\j = , (83) 



or 

n\ - ]^5\n)^ = 0, (84) 

where the scalar V. is 

n := g'm,, = n\ . (85) 



8 We strongly feel that Hkj satisfy Hkj = Hjk, but till now we cannot prove it. But we believe that 
geometers can find it. If not, we have to redefine Hijki as follows 

T^ijkl '■= 2 i^jkl + Rklij + ^ijuR\l + ^kluR^j) ■ (81) 

This re-definition will not change our field equations. But the theory will be slightly ugly. 
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An equivalent but more familiar form for (84) is 

(n^' - = 0. (86) 

In general relativity, the energy-momentum tensor Tij is conserved to make sure 
the conservation of energy and momentum [3]. Similarly, we introduce the energy- 
momentum tensor %j{x, y)dx^ ® dx^ in the manifold Tr*TM. The covariant derivatives 
of the energy-momentum tensor are 

{Vrr = T% dx^ + T% ^ , (87) 

where T^''^^. are the horizontal covariant derivatives of %j[x^ y) and are the vertical 
covariant derivatives of %j{x^y). When the Finsler structure is Riemannian, T^-'.^ 
vanish, and the horizontal covariant derivatives T*-|^ become the covariant derivatives 
of the energy-momentum tensor. Therefore, from the physical point of view, the energy 
and momentum conservation can be kept when the horizontal covariant derivatives 
of the energy-momentum tensor satisfy 

r^l, = 0. (88) 

Frankly speaking, we still do not understand the physical meaning of the vertical 
covariant derivatives of the energy-momentum tensor. 

With the energy-momentum tensor %j{x, y) sitting over the Finsler spacetime, when 
its horizontal derivatives satisfy (88), we propose the covariant field equations of grav- 
itation as follows 

yij _ 1 gij n ^ SttG , (89) 

where G is the Newtonian constant. Obviously, (86) makes sure that the energy- 
momentum tensor in (89) satisfies (88). Therefore, the field equations (89) do reserve 
the energy and momentum conservation. 

Obviously, for the empty spacetime, the energy-momentum tensor in (89) disap- 
pears, the field equations of gravitation reduce to 

n ^ . (90) 
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When the Finsler structure is Riemannian, the tensor ZijuR\i vanishes and the 
curvature-hke tensor Tiijki becomes the Riemannian curvature tensor of Riemannian 
spacetime, our field equations becomes Einstein's field equations exactly. Therefore, 
our covariant field equations of gravitation in the Finsler spacetime are the natural 
result of Einstein's thoughts on gravitation. 

6 More Discussions 

The equation (87) demonstrates that the energy-momentum conservation in Finsler 
spacetime can be divided into two kinds. First, the weak energy-momentum conserva- 
tion, used in last section. In this kind of energy-momentum conservation, we require 
that T*^ I • = 0, the field equations of gravitation has been discussed. Secondly, the 
strong energy-momentum conservation, we call, that is, both T'^-'^- and T^-'.j vanish. 
The constraint condition 



sets a serious constraint on the vertical covariant derivatives of tensor Zij^. If conser- 
vation (91) is needed, the field equations (89) tell us that 



But we cannot draw a concise equation on Zij^-i from (92). We find that the constraint 
equation of Zij^-^i given by (92) is so complicated that no valuable information can be 
obtained. Maybe, further studies will demonstrate that (68) and (92) are exclusive, 
then the strong energy-momentum conservation cannot be required in the spacetime 
with the Finsler structure. 

In a conclusion, we use the Chern connection and the curvatures given by the Chern 
connection to set up the field equations of gravitation in the Finsler spacetime. After 
introducing the tensor Zij^ and its related curvature-like tensor Ti.j\i, we obtain the 
field equations of gravitation, formally hke Einstein's field equations. We show that our 



r% = 



(91) 




(92) 
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field equations exactly reduces to Einstein's field equations when the Finsler structure 
is Riemannian. 
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